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SUMMARY
Quadrilateral and triangular elements with curved edges ardeveloped in the framework of spectral,
discontinuous, hybrid control-volume/finite-element method for elliptic problems. In order to accommodate
hybrid meshes, encompassing both triangular and quadrilatera elements, one single mapping is used. The
scheme is applied to two-dimensional problems with discontinuous, anisotropic diffusion coefficients and
the exponential convergence of the method is verified in the presence of curved geometries. Copyrightc©
2014 John Wiley & Sons, Ltd.
Received: June 4, 2014
KEY WORDS: Discontinuous method; Cur ed elements; Finite volume; Finite element; Hybrid; Spectral
method; Mapping
1. INTRODUCTION
The control volume finite element method (CVFEM), also known as vertex- ornode-based finite
volume method, combines the inherent local numerical conservation property f the control volume
method with the geometrical flexibility of the finite element method. The CVFEM can beseen
as a finite-element method where volume indicator distributions are used as weight functions
[1]. The CVFEM has been introduced by [2] for advection-diffusion problems on triangular
elements, where the integral conservation equations are enforced on polygonal control volumes
built around each node of the mesh. The method has been applied to the solution f the Poisson
equation using quadrilateral elements by [3] and successively extended to advection-diffusion
problems [4]. A CVFEM with bilinear, quadrilateral elements is proposed in [5]. Tetrahedral
elements for incompressible flows are introduced by [6, 7, 8]. A detailed analysis of consistent
and lumped versions of the CVFEM algorithm for diffusion-type problems, investigating the
properties of bilinear, quadrilateral elements, nine-node (Lagrange) quadrilateral elements, eight-
node Serendipity elements and six-node triangular elements is carried out by[9]. The author points
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d Number of dimensions
e Generic element
ê Canonical element[−1, 1]d
êt Triangular canonical element
h Mesh size
I Identity matrix
i, j Dummy indices
Jx Jacobian of the elemental mapping
L Lagrange coefficient
Me Elemental mapping
Me Elemental mass matrix
n Unit normal vector










X Coordinates of a point
Greek letters
δi j Kronecker delta
η Position vector in̂e





ξ Position vector in̂et
Abbreviations
d.o.f. Degrees of freedom
Other
·̃ Numerical trace
·̂ Geometrical entity in̂e
out some of the positive characteristics of the CVFEM approach: local conservation is achieved at
control volume level and the discrete maximum principle is preserved [10].
In recent years, numerical methods withspectral convergence have been widely used in
computational fluid dynamics (CFD) for solving flows with complex features. Ahigh order
CVFEM for unstructured grids was proposed by [11] for advection-diffusion problems, featuring
a quadrature-free approach on quadrilateral elements. It is shown that an appropriate distribution
of interpolation points and control-volume edges leads to a well conditioned matrix. The algorithm
proposed in the present work is adiscontinuouscontrol-volume/finite-element method (DCVFEM).
Discontinuous methods have been developing at first in the finite-element framework. The resulting
discontinuous Galerkin methods (DGFEM) are characterized by the relaxation of the continuity
constraint between neighboring elements, which is imposed in weak form throug the so called
numerical fluxesor numerical traces[12, 13]. The specific formulation of numerical fluxes strongly
affects the consistency, stability and accuracy of the method [12]. The discontinuous philosophy
has been applied within the CVFEM framework [14, 15], giving rise to discontinuous control
volume/finite element methods. Research in this area has been mainly focused on hyperbolic
problems [14, 15]. A thorough comparison of spectral GFEM, Taylor-Galerkin Least Square finite
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UNSTRUCTURED, CURVED ELEMENTS FOR THE DISCONTINUOUS CV/FE METHOD 3
elements (TGLS), DGFEM and DCVFEM for the linear advection equation, usi g quadrilateral
elements with interpolating polynomials of degree four to nine is provided by [15].
The SV method is a high-order, discontinuous, finite volume method, originally developed by
[16] for hyperbolic conservation laws on two-dimensional, triangular, unstructu ed grids [16, 17,
18, 19, 20, 21]. Since then, the SV method has been successfully applied to the solution of the
Euler [19] and Maxwell [21] equations. The SV method shares several features with the DCVFEM,
such as discontinuous solution space, compact support for the approximations,h-p refinement
capability. The major difference between the SV and DCVFEM lies in the definition of the unknown
degrees of freedom, which for SV are control-volume-averaged values, while in DCVFEM are nodal
values. In addition, DCVFEM approximations of conservation laws requireboth volume and surface
integrations, while SV requires surface integrations followed by adeconvolutionprocedure, used
to derive point values from control volume averaged values [16]. Another significant difference
can be identified in the kind of tessellations used to partition the primary elements ofthe mesh
into control volumes, which are intended as adual meshwith respect to the primary one. In the
SV approach the simplex elements (triangles in 2D, tetrahedrons in 3D) are furth r subdivided
into a structured pattern of subcells[22], whose number and shape depend on the degree of
polynomial reconstruction. SV approximation with orders higher than three ab sed on rather
complex subdivision patterns and reconstruction coeffici nts [19].
To the authors’ best knowledge, so far DCVFEM has been proposed only with bar and
quadrilateral elements [15, 23], as these types of elements may be subdivided very naturally into
an arbitrary number of control volumes, thus achieving high order of accur y. The present work
provides a two-dimensional extension of the spectral DCVFEM method to diffusion-dominated
problems on unstructured, hybrid meshes composed of quadrilaterals andtriangles with curved
edges. The mixed formulation is used, where both the transported scalar field and the associated
diffusive flux are considered as dependent quantities [24, ch. 11, 12]. The mixed formulation
allows to achieve an accurate approximation of both the scalar quantity and thecorresponding
flux, to relax the regularity requirements on the dependent variables [25]. Integrating both the
conservation and the constitutive equations over control volumes, which are entirely contained
within elements, gives rise to inter-element fluxes, which, in the present work, are represented
by the LDG formulation [26]. Both quadrilateral and triangular elements are mapped onto the
standard square[−1, 1]2, with the advantage of using the same assembly procedure. For triangular
elements the collapsed coordinate mapping is used [27], allowing for a straightforward and intuitive
subdivision of the primary element into control volumes for any (high) order of accuracy. The
high order approximation of the curved boundaries is attained by theblending functionmethod
[28], enforced directly in the standard square exploiting the same kind of trial functions used for
approximating the unknowns. The spectral convergence of the method and the capability of dealing
with non-homogeneous and anisotropic media is verified by numerical tests.
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4 G. STIPCICH, M. PILLER
2. GOVERNING EQUATIONS
The stationary diffusion of a scalaru (energy, species concentration, . . . ) is governed by the
following conservation equation
∇ · q = Q (1)
on a domainΩ ⊂ Rd with a piecewise smooth boundary∂Ω, whereq is the diffusion-flux vector
andQ is a source term. A gradient-diffusion model is commonly used to relate the flux vector to the
transported scalar, yielding a constitutive equation in the form
q = −D · ∇u (2)
where D is a symmetric positive-definite diffusivity tensor [29]. The mixed formulation of the
scalar diffusion conservation principle stems from equations (1) and (2).Thefundamentalequation
is obtained by substituting (2) into (1). System (1-2) is complemented with Dirichlet boundary
conditions (3a) or flux boundary conditions (3b):





(x) = h (x) for x ∈ ∂Ωh
(3a)
(3b)
wheren is the outwarding unit normal to the boundary∂Ωh.
Theweakformulation of system (1-2) is obtained through a weighted residual statement, where
volume-indicator distributions are chosen as weight functions [1, 23]. The resulting system of
















Choosingu, q ∈ H1 (V) and D−1 ∈ L2 (V) guarantees the existence of the integrals in (4). In
addition, a trace theorem asserts that a function inH1(V) has aL2(∂V) trace [30, th. 1.3.1 ch. 1],
assuring the existence of the boundary integrals appearing in the weak formulation. It is worth
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UNSTRUCTURED, CURVED ELEMENTS FOR THE DISCONTINUOUS CV/FE METHOD 5
where the subscripth denotes the particular triangulation in which diam(e) ≤ h∀e ∈ Th [30, ch.
3.1]. It is assumed that every element∈ Th can be mapped onto a reference polyhedronê⊂ Rd by
an invertible transformation (i.e.mapping)Me : ê→ e. In the present work, the chosen reference
polyhedron is the standard squareê≡ [−1,1]2 ⊂ R2. In the following, the notationsx ∈ Ω andη ∈ ê
are used to denote the independent variables in the physical and the transformed space, respectively.
The hat symbol̂· denotes geometrical entities in the transformed spaceê, which are mapped onto
the physical elementeby the mappingMe.
3.2. High order representation of curved boundaries
For high order methods it is crucial to describe the curved element’s sides with ufficient precision
as not to introduce low order errors in the approximation of the unknowns and preserve the method’s
expected accuracy [31, chap. 3]. In this work, curved elements are dealt with theblending method



















is a correction taking into account the curvilinear sides.
The formulation for the mapping of quadrilateral elements is proposed in [28] and is recalled in
section3.2.1. A different approach is used for mapping triangular elements, as described in detail in
section3.2.2. The approach is described in a general form and the extension to the three-dimensional
case is natural.
3.2.1. Quadrilateral curved elementsThe blending function method applied to a quadrilateral
elemente ∈ Th with only one curved side is sketched in Figure1. The counter-clockwise convention
is used to identify the sides and the vertices of the element. For example, side 1 inthe physical space









side 2 is denoted ass2 and so on. Correspondingly in the transformed spaceê, side 1, denoted aŝs1,





yields the mapping between the linear element and the reference polyhedron













are linear Lagrange coefficients whose nodes correspond to the





(1− η1) (1− η2) (7)
Denoting bys1 (η1) the parametric representation ofs1 while letting ls1 (η1) be the restriction of
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Figure 1. Sketch of the mappingMe of a quadrilateral elemente ∈ Th with one curved side, using the
blending function method (5).
The termF1 (η2) denotes theblending factorassociated to sides1, and varies linearly from one, on
side ŝ1 (i.e., for η2 = −1), to zero, on the opposite sidês3 (i.e., for η2 = 1). The blending factor is





The terms in (8) are computed as:


















The curved side definition (9) represents a (Np − 1)-th order accurate interpolation ofs1. Np is
the number of points that belong to the curved side (including the vertices) and their physical
coordinates are denoted byXi . The L p̂i
∣∣∣̂
s1
are (Np − 1)-th order Lagrange coefficients restricted
to sidês1. It is expected that, as not to introduce lower order errors in the geometricapproximation,
at least(Pe + 1)d−1 points belonging to the curved side of the physical elemente must be provided,
with Pe being the polynomial order of the trial functions used in the considered element.
In equation (10) for the linear side (dashed line in the physical space in Figure1) the XAi are
the coordinates of the verticesA1, A2 ∈ s1 in the physical space, andL Âi are the respective linear
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UNSTRUCTURED, CURVED ELEMENTS FOR THE DISCONTINUOUS CV/FE METHOD 7
In a more general case, all sides of the quadrilateral element can be curvilinear. The expression
for the elemental mappingMe is then obtained by repeating the above procedure to include the













s j − ls j
)
F j (13)
where for j = 1 equations (9) to (12) are used, while forj = 2, 3, 4 we have, respectively:






Xi , Xi ∈ s2






Xi , Xi ∈ s3


























































3.2.2. Triangular curved elementsFor triangular curved elements, an elemental mappingMe
associated with thequilateraltriangle reference polyhedron is proposed in [28, Chap. 6], exploiting




, whereL andξeq denote two
sets of coordinates in two different triangular reference polyhedrons. In particular,L are the so called
barycentricor areacoordinates, andξeq refer to the equilateral triangle space [28, Chap. 6.3.3].
In the present work, we propose to map triangular elements by thesameapproach used for
quadrilateral elements. The mappingMe for triangular elements is readily obtained using the same



















(η1 + 1) (1− η2) XA2 +
1
2
(η2 + 1) XA3
(17)
This approach is equivalent to theDuffy [35] or collapsedcoordinates transformation [27] as
sketched in Figure2, yet in the expression of the elemental mappingMe the auxiliary set of
coordinatesξ = (ξ1, ξ2) of the right triangle space arenot used.





mapping of the curvilinear sides in (5) is computed by the same expression used for quadrilateral
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Figure 2. Sketch of the mappingMe of a triangular elemente ∈ Th with one curved side, using the
blending function method (5). The resulting mapping for triangular elements is the sames the one used
for quadrilateral elements.
elements (8), in which the terms are obtained by equations (9) to (12). In the general case when





complemented by equations (13) to (16), for j = 2, 3.
Some peculiar features of the present approach are worth mentioning:
1. An intermediate collapsed coordinate mapping between the standard square and the standard
triangle [31, ch. 3] is not used, resulting in a simpler and more general formulation;
2. The samekind of interpolatory functionsL can be used both as shape functions for the
approximation of the unknowns and for the interpolation of the curved sides;
3. In the formulation proposed by [28] for triangular elements, the blending factors involve
higher order polynomials and lead to a non-linear variation of the internal isoline of constant
η1, η2; whereas, by applying the blending method directly in the transformed referenc space
ê= [−1, 1]d, the resulting blending factorsF j in equation (13) are alwayslinear polynomials
and the isolines vary linearly in the interior of the element (see Figure4).
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UNSTRUCTURED, CURVED ELEMENTS FOR THE DISCONTINUOUS CV/FE METHOD 9
3.3. Finite dimensional subspace and basis functions
The unknownsu(x) andq(x) are approximated by element-based polynomial expansions [13]. Let
Qk,d be the finite dimensional space whose elementsvh ∈ Qk,d are polynomial functions fromRd to
R of degree less than or equal tok in each variableη1, . . . , ηd, k ≥ 0 [30, Chap. 3.2]. Considering










The approximationuh to u is chosen in the finite-dimensional subspaceX
k,d
h of H




wh : Ω→ R s.t. wh|e ≡ vh ◦M
−1










An interpolatory basis for the spaceXk,dh is constructed as follows. Lettingi ≡ (e, l) , l = 1, . . . ,
(Pe + 1)d, in the present work the basis functions ofXk,dh are defined as:
φi (x) =

Le, l ◦M−1e (x) , x ∈ e







= δi j , i, j = 1, . . . , Nh (21)
whereX j denotes an interpolation node,j, . . . , Nh, with Nh the total number of interpolation nodes
in the mesh.
In principle, the interpolation nodes may be located everywhere inside an element. Nevertheless,
Gauss-Legendre or Gauss-Lobatto-Legendre quadrature nodes result in general in well-conditioned
systems of equations [15, 31, 1] and are used in the present study (see Figure3).
3.4. Inter-element coupling and boundary conditions
On the element’s boundary,numerical fluxes̃uh and q̃h have to be defined in such a way that
the resulting discontinuous method is consisted and convergent [12, 13]. The local discontinuous
Galerkin (LDG) formulation is used [26]:
ũh = {uh} (22a)
q̃h = {qh} +C11 JuhK (22b)




















qh− · n− + qh+ · n+
) (23)
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10 G. STIPCICH, M. PILLER
where the “-” and “+” signs denote the one-sided limits of the function when approaching the
element’s boundary∂e, andn− andn+ denote the respective outwarding normals unit vectors. On
the domain’s boundary∂Ω, the following distinct formulations apply:
Dirichlet boundary ∂ΩD According to [12]:
ũh = g(x) (24a)
q̃h = qh −C11 JuhK (24b)
where the change of sign in (24b) compared to (22b) results in [12].
Flux boundary ∂ΩN According to [13]:
T̃h = Th(∂Ω) (25a)
q̃h · n = f (x) (25b)
3.5. Dual mesh: partition into control volumes
Each elemente is subdivided into a partition of (Pe + 1)d control volumesV. Differently from
continuous CVFEM methods, each control volume is entirely contained in a single element. The
resulting ensemble of control volumesV can be seen as a dual mesh with respect the primary
triangulationTh.
In principle any partition into control volumes can be used. However, in the proposed formulation
the control volume sides lay on−1, +1 and onPe − 1-th order Gauss-Legendre quadrature nodes
of the one-dimensional reference element̂≡ [−1, 1]. The extension to two- or three-dimensions
is easily obtained by tensor-product of the one-dimensional element in the transfo med space.
Figure3 shows the partition of the canonical element̂≡ [−1,1]2 into control volumes for different
polynomial orders of accuracyPe.
4. ANALYSIS OF THE MATRIX CONDITION NUMBER
In testing the convergence of high order methods, the accumulation of round-off errors can be large
compared to the discretization error especially for higher orders of accur y. The tendency of the
method to provide round off errors in the solution can be estimated through the analysis of the
condition number of the matrix resulting from the discretization process. The geometric properties
of the mesh affect the condition number, and it is recommended the use of elements of nearly
equal size and having almost the same lengths in each dimension [36]. In particular, when dealing
with non-stationary problems, severe limitations are posed by the conditioning of the mass matrix.
In the present analysis the condition number of the elemental mass matrixMe is computed and the
influence of the elemental mapping (section3.2) is investigated by considering different geometrical
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UNSTRUCTURED, CURVED ELEMENTS FOR THE DISCONTINUOUS CV/FE METHOD 11
(a) Pe = 0 (b) Pe = 1 (c) Pe = 2
(d) Pe = 3 (e) Pe = 4 (f) Pe = 5
Figure 3. Partition of the canonical elementê≡ [−1,1]2 into (Pe + 1)2 control volumes (dashed lines) for
different polynomial ordersPe. The corresponding interpolation nodes (dots) are sketched.
where Vi andV̂i denote the i-th control volume in the physical and transformed spaces, respectively.
The Lagrange coefficient φ j in the physical space is associated to its corresponding Lagrange
coefficient in the transformed space by the elemental mapping asφ j = L j ◦M−1e (see section3.3).




= ∂xk/∂ηl , with k, l = 1, . . . ,d, the
operator| · | denotes the determinant. For the two-dimensional case, letj ≡ ( j1, j2), L j is obtained




L j1 (η1) L j2 (η2) |Jx|dη , 1 ≤ j1, j2 ≤ P
e + 1 (27)
Quadrilateral and triangular elements in geometrically highly distorted configurations are
compared against the square and the equilateral triangular element, respectively. The selected
elements are illustrated in Figure4. The control volume boundaries are plotted to envision the effect
of the mapping in the interior of the element. For the selected highly distorted configurations of
the elements, it has been verified that the Jacobian determinant|Jx| never changes sign and is always
positive, thus the mappingMe is invertible.
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12 G. STIPCICH, M. PILLER
(a) (b) (c)
(d) (e) (f)
Figure 4. Regular, distorted and curved elements: (a-c) quadrilateral element; (d-f) triangular element. The
boundaries of the control volumes forPe = 4 are plotted for reference.
where the‖·‖p denotes the matrix norm withp = 2 andp = ∞. A low condition number indicates a
well-conditioned matrix which can be readily inverted and vice versa. Typically, in spectral methods
the condition number grows exponentially with the polynomial order [31]. Figure 5 shows the
computed mass matrix condition number in 2- and∞-norm for the quadrilateral and triangular
element, with polynomial order up toPe = 10. The following remarks can be made:
• The quadrilateral elements (Figure5a) exhibit the best conditioning. The condition number
grows with the polynomial order at a rate roughlyk ∝ (Pe)2 andk ∝ (Pe)3 for the regular and
highly distorted/curved configuration, respectively;
• For the triangular element (Figure5b), the condition number exhibits a growth rate of roughly
k ∝ (Pe)4 regardless the regular or distorted/curved configuration. However, for polynomial
orders up toPe = 4 the condition number is comparable to the quadrilateral case;
• Even in the most unfavorable configuration of distorted/curved element, the condition
number’s growth rate is bounded byk ∝ (Pe)4.
5. NUMERICAL EXPERIMENTS
5.1. Concentric circular disks: convergence study
The case of homogeneous diffusion inside a section of a hollow circular cylinder is considered. Due
to radial symmetry, only one quarter of the domain is solved, as sketched in Figure6a. The problem
Copyright c© 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng(2014)
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Figure 5. Mass matrix condition number for the (a) quadrilater l and (b) triangular element. Symbols (see
Figure4):  regular;̂ distorted;◦ distorted and curved. Lines: ( ) matrix 2-norm; ( ) matrix∞-norm;
( ) reference.
is defined by system (1-2) complemented with the following Dirichlet and flux boundary conditions

u (x ∈ ΓD1) = u1




(x ∈ ΓN1,ΓN2) = 0
(29)
with zero source termQ = 0 and uniform thermal diffusion coefficientD = I. The analytic solutions












This test case is aimed at verifying the exponential convergence of the proposed DCVFEM in
presence of curved boundaries. The optimal expected convergenceis of hP
e+1 for the scalaru and
hP
e
for the vector quantityq as for the DGFEM [37], with h denoting the mesh size. Since sides
ΓD1 andΓD2 are circular arcs, thus not polynomial expressions, the geometry cannot be described
exactly by the chosen geometrical shape functions (Lagrange coefficients). It is therefore expected
that the optimal convergence can be achieved only by employing an equal (or superior) order of
accuracy in approximating the curved sides of the domain as to avoid “polluting” the solution by
lower-order errors.
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14 G. STIPCICH, M. PILLER
(a) Sketch of the domain (b) Example of hybrid mesh with curved
elements
Figure 6. Homogeneous diffusion problem: system (1-2) coupled with (29) on the hollow circular cylinder
section. Due to radial symmetry, only one quarter of the domain is solved.
System (1-2) coupled with boundary conditions (29) is solved by the DCVFEM with polynomial
orders ranging fromPe = 1 to Pe = 6 and using bothhybrid meshes (mixed quadrilateral and
triangular elements, as shown in Figure6b) and triangular meshes. TheL2 norm errors (31) are
plotted in Figures7 and8 for different polynomial ordersPe and mesh sizesh. In the presented
results, the same order of accuracyPe is employed for both the geometry and the unknowns. The
lines of optimal convergence (hP
e+1 for the scalarT andhP
e
for the vectorq) andsuper-convergence
(hP
e+2 for the scalarT andhP
e+1
for the vectorq) are plotted for reference with solid thin line and
dashed line, respectively. The following conclusions can be drawn:
• The expected optimal order of convergence is achieved for both the scalar and the vector
quantity using a hybrid mesh (Figure7);
• When using a triangular mesh,super-convergence is achieved for both the scalar and the
vector quantity for certain polynomial ordersPe > 1;
• In Figures7a and 8a, the error decay rate is significantly reduced forPe = 5, 6 and fine
meshes. This effect is typically observed in spectral methods when higher polynomial orders
are employed [31], since the worse conditioning of the system (see Section4) is associated
with an augmented sensitivity to round-off errors.
For the present numerical experiment, it has been verified that the converge c rate of the solution
is determined by thelowestorder of accuracy among the approximation of the geometry and the
approximation of the unknowns. For instance, if the curved geometry is describ d with an order of











the vector quantity, respectively. The results are not shown for brevity.
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(a) Hybrid mesh:h-convergence of the scalaru













































(b) Hybrid mesh:h-convergence of the fluxq
Figure 7.L2 norm errors (31) for the solution of system (1-2) coupled with (29) using ahybrid mesh.h-
convergence of (a) the scalaru and (b) the vectorq. Lines of optimal convergence rate (dashed line) and
super-convergence rate (dotted line) are plotted for reference.
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(a) Triangular mesh:h-convergence of the scalaru













































(b) Triangular mesh:h-convergence of the fluxq
Figure 8.L2 norm errors (31) for the solution of problem (1-2) coupled with (29) using atriangular mesh.
h-convergence of (a) the scalaru and (b) the vectorq. Lines of optimal convergence rate (dashed line) and
super-convergence rate (dotted line) are plotted for reference.
5.2. Non-homogeneous diffusion
The problem of diffusion in an inhomogeneous media considered by [38] is defined by system (1-2)
coupled with zero Dirichlet boundary conditions and a source term as

u (x ∈ ΓD) = 0








D (x ∈ Ω \Ωs) = I
D (x ∈ Ωs) = 10−2 · I
(32)
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(a) Sketch of the domain (b) Coarse triangular mesh of 20 elements
Figure 9. Non-homogeneous diffusion problem: system (1-2) coupled with (32).
whereΩ is the square(0, 2) × (0, 2) and the triangular inclusionΩs is specified by the three vertices
p1 = (0.4, 1.1), p2 = (1.5, 0.9), p3 = (1.5, 1.3), as sketched in Figure9a.
The present test case is motivated by the difficulty in capturing the large gradient in the solutionu
caused by the discontinuous diffusivity D, which varies abruptly in a narrow portion of the domain.
The proposed DCVFEM is used to solve the problem on two different meshes of 20 and 164
triangular elements. The coarse mesh is shown in Figure9b. Varying polynomial orders are used.
The solution for the scalar quantityu is illustrated in Figure10. Figures10a and 10b show the
solution on a coarse and fine triangular mesh with linear elementsPe = 1, respectively. The solution
on the coarse mesh and with elements of orderPe = 2 andPe = 3 is shown in Figure10cand10d,
respectively. The following conclusions can be drawn:
• The large gradient in the solution is not captured by a second-order accu ate approximation
Pe = 1 on the coarser mesh, as can be seen from Figure10a, and poorly captured when
employing a fine mesh of 164 elements, as illustrated in Figure10b. This phenomenon may be
partially explained by the fact that linear polynomialsPe = 1 are used for the approximation
of a quadratic source term (see the expression ofQ in (32)). On the other hand, quadratic
and cubic elements significantly improve the solution although a very coarse mesh of 20
elements is used, as shown in Figure10c and 10d, respectively. The number of degrees
of freedom (d.o.f.) per element is given byNed.o.f = Nu · (P
e + 1)d, where Nu = 3 denotes
the number of unknowns (in this case one scalar quantityu and two components of the
vector quantityq). Accordingly, the total number of d.o.f. involved in the four cases is
Nd.o.f = 240, 1968, 540, 960. A fourth-order accurate simulationPe = 3 (see Figure10d)
achieves a dramatically sharp and clear capturing of the discontinuity in comparison to the
second-order accurate casePe = 1 on a fine mesh (see Figure10b), by involving only roughly
half the total number of d.o.f. It is apparent that the straightforwardp- efinement capability
[12] of the proposed DCVFEM may be of crucial importance in applications involving large
gradients and discontinuities;
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(a)Pe = 1 on a coarse mesh of 20 elements,
Nd.o.f = 240
(b) Pe = 1 on a fine mesh of 164 elements,
Nd.o.f = 1968
(c) Pe = 2 on a coarse mesh of 20 elements,
Nd.o.f = 540
(d) Pe = 3 on a coarse mesh of 20 elements,
Nd.o.f = 960
Figure 10. Solution to problem (1-2) coupled with (32): distribution of the scalaru.
• As the resolution is increased, either byh- or p-refinement, the proposed DCVFEM solution
is free from unphysical oscillations around the discontinuity in the diffusivity D.
5.3. Anisotropic diffusion
Diffusion in an anisotropic and non-homogeneous media is considered [38, 39]. System (1-2)
is solved on a square domainΩ = (0, 1) × (0, 1), coupled with Dirichlet boundary conditions
Copyright c© 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng(2014)
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described by the following continuous piecewise linear function on∂Ω
T (x ∈ ΓD) =

0 for x ∈ (0, 0.2) × {0} ∪ {0} × (0, 0.2)
1 for x ∈ (0.8, 1) × {1} ∪ {1} × (0.8, 1)
0.5 for x ∈ (0.3, 1) × {0} ∪ {0} × (0.3, 1)
0.5 for x ∈ (0, 0.7) × {1} ∪ {1} × (0, 0.7)
l.i. for x ∈ (0.2, 0.3) × {0} ∪ {0} × (0.2, 0.3)
l.i. for x ∈ (0.7, 0.8) × {1} ∪ {1} × (0.7, 0.8)
(33)
where l.i. denotes the linear interpolation between the values of the adjacent piecewise constant
segments. The domain contains a square inclusionΩs = (0.3, 0.6) × (0.3, 0.6), denoted by the
shaded area in Figure11a. A coarse hybrid mesh of 27 elements is used, as shown in Figure11b.
(a) Sketch of the domain (b) Hybrid mesh of 27 elements
Figure 11. Anisotropic, non-homogeneous diffusion problem: system (1-2) coupled with (33).
The anisotropic and non-homogeneous diffusivity tensorD is defined as
D (x) =






R−1θ for x ∈ Ωs
(34)
whereRθ denotes the rotation matrix withθ = 10◦ andδ = 10−3.
Figure12shows the solution by the proposed DCVFEM. Additionally, the problem withuniform
diffusivity is solved for reference, as shown in Figure12a, whereas Figure12bshows the solution
with anisotropic and discontinuous coefficients as in (34). A non-uniform polynomial order is used
such thatPe = 4 in the single element in the inclusionΩs, while Pe = 2 is set in the rest of the
domain. The contour of the scalaru is plotted and streamlines of the vector quantityq are used to
visualize the deviation of the flow in the inclusionΩs.
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Figure 12. Solution to system (1-2) coupled with (33): distribution of the scalaru and streamlines of the
flux q.
The DCVFEM can be successfully used to solve problems with anisotropic diffusion coefficients
on hybrid meshes. The discontinuous approach allows to increase or decreas locally the polynomial
order of accuracy, for enhanced resolution or saving computational cst.
6. CONCLUDING REMARKS
Quadrilateral and triangular elements with curvilinear edges and arbitrary polynomial order
are developed for the two-dimensional discontinuous control-volume finite-element method
(DCVFEM). A formal description of the elemental mapping by the blending method is provided.
The piecewise-polynomial functions used for both the elemental mapping andthe approximation
of the unknowns belong to the same finite-dimensional space. A single assembly procedure
accommodates all types of elements, resulting in a straight forward applicationto hybrid meshes.
The expected spectral convergence of the method in the presence of curved boundaries is confirmed
numerically both on triangular and on hybrid meshes. The method is successfully applied to the
solution of problems with discontinuous and anisotropic diffusivity.
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